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ABSTRACT Continuum theories of electrolytes are widely used to describe physical processes in various biological
systems. Although these are well-established theories in macroscopic situations, it is not clear from the outset that they
should work in small systems whose dimensions are comparable to or smaller than the Debye length. Here, we test the validity
of the mean-field approximation in Poisson—Boltzmann theory by comparing its predictions with those of Brownian dynamics
simulations. For this purpose we use spherical and cylindrical boundaries and a catenary shape similar to that of the
acetylcholine receptor channel. The interior region filled with electrolyte is assumed to have a high dielectric constant, and the
exterior region representing protein a low one. Comparisons of the force on a test ion obtained with the two methods show
that the shielding effect due to counterions is overestimated in Poisson—Boltzmann theory when the ion is within a Debye
length of the boundary. As the ion gets closer to the boundary, the discrepancy in force grows rapidly. The implication for
membrane channels, whose radii are typically smaller than the Debye length, is that Poisson—Boltzmann theory cannot be
used to obtain reliable estimates of the electrostatic potential energy and force on an ion in the channel environment.

INTRODUCTION

During the last decades continuum theories of electrolyteshannels have nevertheless flourished in recent years (for
have found a new niche in the description of physicalreviews see, for example, Levitt, 1986; Cooper et al., 1985;
processes in the salty waters of cells (Weiss, 1996; EvanBisenberg, 1996, 1999). One reason for the popularity of the
and Wennerstmm, 1999). Continuum theories were origi- continuum theories that deal with concentrations of ions,
nally developed for bulk electrolytes early in the century,rather than individual ions, used to be that the alternative
and their validity has been firmly established since thenmethods were computationally intractable. This is still true
(Bockris and Reddy, 1970). The more recent applications ifor molecular dynamics simulations, where motions of both
biology usually involve mesoscopic systems, and it is notions and water molecules in the system are traced using
clear from the outset that the assumptions made for bulliewton’s law (Roux and Karplus, 1994). To study ion
solutions are justified for solutions confined to small vol- permeation across a membrane channel using molecular
umes. Of these, the mean-field approximation that assumegynamics, one needs supercomputers that are several orders
the potential can be determined from a continuous distribuof magnitude faster than currently available. In comparison,
tion of the mobile charges in an electrolyte is most suspecthe situation with Brownian dynamics (BD), where only the
The basic question is whether the predicted concentrationgotion of ions are traced, is much better. BD simulations of
in continuum theories, which represent the space average @bnductance in realistic three-dimensional geometries are
ion denSitieS, are in accordance with those obtained fronﬂ]ow routine|y performed on Supercomputers (|_| et a|_,
Brownian dynamics by time-averaging motions of individ- 199g: Chung et al., 1998, 1999; Hoyles et al., 1998a). As
ual ions. In this respect, the Debye length provides a usefultressed in a recent series of commentaries on ion perme-
guide. If the system size is much larger than the Debyeytion (Levitt, 1999; McClesky, 1999; Miller, 1999; Nonner
length, as in the case of large proteins and membrang; 5. 1999), the time is ripe for a realistic assessment of
surfaces, then the mean-field approximation inherent in thgntinuum theories as models of ion channels, and if they
continuum theories should be relatively safe. Howevergyj| the tests, to move on to more accurate theories.
membrane pores that transport ions across a cell usually |, this and the accompanying article (Corry et al., 2000)
have radii smaller than the Debye length (Hille, 1992), andye {ry to provide such a test for two prominent continuum
the use of continuum theories in such systems is questioneories: PoissorBoltzmann (PB) in this article and
able. Applications of continuum theories to membranep,isson-Nernst-Planck in the next one. PB theory has
become an important tool for studying proteins and mem-
branes, leading to many insights on the key role played by
Received for publication 3 September 1999 and in final form 24 Januarya|ectrostatic interactions (Honig and Nicholls, 1995). The
2000. availability of efficient computer programs for solving the
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models (Levitt, 1985; Jordan et al., 1989; Cai and JordanApart from a few special cases this equation cannot be solved analytically.
1990). More recently, the PB calculation of potential energyTherefore, a linearized form proposed by Debye arid¢kéli(1923) has

profiles has been extended to realistic channel structures -IlHeen commonly used in practical applications of the PB equation. Expand-
ing the sinh term in Eq. 3 and keeping only the leading term yrields the

numerous articles (SankararamakriShnan etal., 1996; We%ﬁear PB equation for a bulk electrolyte with no fixed charges & 0)
man et al., 1997; Adcock et al., 1998; Cheng et al., 1998;

Rostovtseva et al., 1998; Sansom et al., 1998; Smejtek et al., Vb = K, (4)
1999; Dieckmann et al., 1999; Ranatunga et al., 1999). In

. . S where 1k is the Debye screening length given b
PB calculations, ionic shielding greatly reduces the poten- Y glengh g Y

tial energy of an ion in a channel compared with that of a 1 €0ekT
single ion calculated from Poisson’s equation. To assess the P 2¢n,” (5)

reliability of the PB calculations, it is important to check
that this shielding effect is not an artefact of the mean-fieldAt room temperatureT = 298 K) in water ¢ = 80), the Debye length is
assumption in a relatively narrow channel environment, related to concentration as* = 3.07A/c, A. Although the approxima-
The total electrostatic force acting on an ion inside and'®" " EG- 4 is no longer necessary with the availability of high-speed
L . . . computers, the intuitive picture of shielding provided by the
near the vicinity of a channel determines its dynamic be'Debye—HuckeI theory still plays a useful role. Here we use it to indicate
havior. Therefore, it is the most important quantity to checkwhere and why the PB theory may break down. The solution of Eq. 4 in
in judging the accuracy of the PB theory. Here we test thebulk is well known (e.g., McQuarrie, 1976), and yields the following
validity of the mean-field approximation in the PB theory screened Coulomb potential around a central ion of radfs
by comparing its predictions for the force on a test ion and eexd—«(r — a)]
potential energy, and concentration profiles with those ob- b= (6)
tained from BD simulations. BD is eminently suitable for Ameoe(1 + ka)r
this task because the motion of all the ions in the system arene radial density of the screening charp) is proportional to this
traced individually according to the Langevin equation.potential
Therefore, a long-time average of physical quantities should
accurately reflect the actual physical behavior of the system.
The main point of this article is demonstrated by using a —ex?
spherical geometry that serves as a generic example of an
electrolyte confined in a small volume. Cylindrical channels
with varying radii provide testing grounds for schematic which is seen to peak at= 1/« and then decay exponentially. The volume
channel models, while a catenary shape similar to that of thitegral of this shielding charge is of interest, and for a sphere of radius
acetylcholine receptor channel is used for tests in a mor& is given by
realistic geometry. 1+ kr
qr) = —¢e/1—

p(r) = 4mr?py = —4mr’eper’d

=17 Kar exg —«(r — a)], @)

1+ ra exg —«k(r —a)]|, (8)

THEORETICAL METHODS Equation 8 shows that q(r)/e increases monotonically with leading to
PB theory a 25% screening of the central charge~at = 1/k, rising to 80% atr =
3/k. Thus, for ac, = 150 mM electrolyte under bulk conditions, length
PB theory provides a classical electrostatic description of a system irscales of~25-30 A are required for nearly complete screening of an ionic
which fixed external charges, represented by a dempsityare surrounded charge. When a boundary is imposed at a smaller distance, the system tries
by mobile ions in a dielectric medium. The main assumption of the theoryt® maintain equilibrium by increasing the counterion concentration in the
is that at equilibrium, the distribution of mobile ions in the system can bevolume between the ion and the boundary. However, because of the
approximated by a continuous charge dengity,given by the Boltzmann physical size of ions and electrostatic repulsion effects, there is a limit to
factor this increase, and one anticipates that as the ion gets closer to the boundary,
the counterion density will eventually diverge from the Boltzmann factor,
pel(r) = E zverbvexd—zve(t,(r)/kT]l @ leading to a much smaller shielding than expected from PB theory. This
B prediction can be tested directly by comparing the PB results with those
obtained from BD simulations, where all ions are treated on an equal

wheren,, is the bulk (or reference) number density of ions of speziasd footing as particles with a finite size and charge, rather than as a continuous

z,eis their charge. Here, (in Sl units) is related to concentratiag (in charge density.
moles/liter) byn, = 100(0N,c,, whereN, is Avogadro’s number. The For this purpose, we have solved the PB equation (3) numerically by
average electric potentiab(r) in Eq. 1 is obtained from the solution of using a finite difference algorithm for various boundaries (see Appendix
Poisson’s equation for details). From the numerical solution of the PB equation, one obtains
the potential at discrete grid points. These potential values are then fed into
&V [e(r)V(r)] = —pe — Pex (2)  the Boltzmann factor (Eg. 1) to determine the concentration of ions. The

components of the force on a test ion at a particular grid point are
Combining Egs. 1 and 2 for a 1:1 electrolyte, which is our main interestcalculated by using numerical differentiation, from the difference of the
here, we obtain the following PB equation: potential at two opposing neighboring points in they, andz directions.
The PB program is executed on arcluster, where a typical run with 1 A
&V - [e(r)Vo(r)] = 2ensinied(r)/KT] — pey.  (3)  grid size takes 5-20 min, depending on the boundary conditions used.
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Tests of accuracy In BD, the motion of individual ions are simulated using the Langevin
equation:

Convergence of the PB solutions is discussed in the Appendix. In all the

situations considered, convergence to a stable solution is achieved using a dv;

tolerance of 10° V, which is sufficiently accurate for our purposes. The m a = —myyv;, + FR(t) + gE;, (9)

input parameter that influences the accuracy of results most is the grid size
used in discretizing the system. Errors decrease with the grid size, While‘/herem’ g, and\/i are the mass, charge and velocity of ttieion. In Eq.
computation time increases with it. Therefore, a compromise has to b@, the effect of the surrounding water molecules is represented by an
made for efficient running of the program with an acceptable range ofaverage frictional force with a friction coefficiemty,, and a stochastic
errors. Because the force on an ion is the most sensitive quantity to the grifbrce Fy arising from random collisions. The last term in Eq. 9 is the total
size, it is used in choosing the optimal size. A range of grid sizes iselectric force acting on the ion due to other ions, fixed and induced surface
considered for the various geometries and configurations investigated. Inharges at the channel boundary, and the applied membrane potential. It is
the absence of fixed charges in a cylindrical channel, a uniform gridcomputed by solving Poisson’s equation for a given channel boundary
spacing 6 1 A is found to be adequate. Larger grid sizes lead to unac-using an iterative numerical method as detailed in Hoyles et al. (1996,
ceptably large errors in force (e.g., for 2 A, the relative error could be asl998b). Rather than solving Poisson’s equation at each time step, which
high as 100%), while not much is gained by using a smaller grid (going towould be computationally prohibitive, a system of lookup tables is used
0.5 A reduces the error by a few percent). Because as fixed charges in tEloyles et al., 1998a). The electric field and potential due to one- and
channel lead to a more rapid variation in the potential, a smaller grid sizdWo-ion configurations are precalculated at a number of grid points and
(~0.5 A) needs to be used in such cases to obtain a similar level Optorgd in a set of tables. During S|_mu|at|ons_, the potential and field e_lt
accuracy. With decreasing grid size, the force gets smaller, i.e., it Congesweq points are recon.s_tructe'd by mterpolat.mg between the table entn'es
verges to its actual value from above. Therefore, as a consequence of the@@d using the su_perposmon pr_ln_c_lple. For t_h'S purpose, the total electric
optimal choices, we anticipate that the presented PB results for forces aH&otentlal ¢ experienced by an iohis broken into four pieces
potentials are slightly larger than their actual values. _

We have performed a number of tests to ascertain the validity and qSi N (bx'i + d)S'i + E_(d)“j + d)c'”)’ (10)
accuracy of the numerical solutions of the PB equation. The simplest test !
cases are those involving a single ion (zero concentration) where the PR e the sum overruns over all the other ions in the system. In Eq. 10,
results can be compared with those obtained from the solution of Poisson’égXi is the external potential due to the applied field, fixed charges in the
equation either analytically or using complimentary numerical methodsyrotein wall, and charges induced by these; is the self potential due to
(e.g., boundary element method, Hoyles et al., 1998b). While these do nqhe surface charges induced by the icon the channel boundary ; is
provide a complete test for the PB solutions, they nevertheless serve tghe image potential due to the charges induced by thé iand ¢ ;; is the
check the Poisson part of the program, an important consideration esp&oulomb potential due to the ignThe first three potential terms in Eq. 10
cially in cases with dielectric boundaries. For an ion in a uniform dielectricare stored in, respectively, three-, two-, and five-dimensional tables (di-
medium, the numerical solution is found to converge to the analytic resultmension is reduced by one in the latter two cases by exploiting the
¢ = el4meger, within a few percent whea 1 Agrid is used. The accuracy —azimuthal symmetry of the system’s geometry). Similar tables are con-
improves when the grid size is made smaller, as noted above. Other tesséructed for each component of the electric field, which are calculated from
are carried out for a single ion in spherical and cylindrical boundaries the gradient of the potential at the grid points.
which are used in the rest of the article. Numerical solutions of the PB  The Coulomb interaction between two ions is modified by the addition
equation in these cases are compared to the solutions of Poisson’s equatigha repulsive 1 potential, which arises from the overlap of their electron
obtained with other methods. In all cases, the potential obtained fronflouds (Pauling, 1942)
solution of the PB algorithm is found to agree with the alternative solution

#1

Fo (ry + 1)

to within a few percent. A similar agreement is found for the force on a test U (r) __ 9 11
. sr - 9 9 1 ( )
ion. r
Tests of the PB solutions in the case of an ion in electrolyte are not easy ) o ) ) ) o
to perform, as there are no suitable analytical solutions. We use instead tiygherer is the ion—ion distance;, i = 1, 2, are the Pauling radii of ions,

linear PB equation for this purpose, for which the solution for a test ion in@"d Fo is the magnitude of the short range force at contact, which is
bulk is quoted in Eq. 6. In the PB algorithm, linearizing involves simply estlmaftfg from the ST2 water model used in molecular dynamis as

switching from Eq. 16 to 17 in the calculation of the potential, hence such? >;10 N (Stillinger and Rahman, 1974). As demonstrated below, the
a test should be sufficient in checking the overall integrity of the program.llr potential emulates the hard-sphere collisions in the primitive model

Both the potential and concentration obtained from the numerical solutiorf1lJIte well, and hence is adequate for the purpose of comparing PB and BD

of the PB equation agree with the analytic results to within a few percentgpproaches. Howevgr, because the ion pair potential f_d’r—d&la has a
) ; ; ) ) minimum at contact, it leads to some anomalous results in narrow channels
An analytic solution can also be obtained for a fixed ion located at the

) . o . (see below). While this is not directly relevant to the main theme of the
center of a sphere filled with electrolyte. A similar level of agreement is L . . .

Iso found in thi paper, it is still of interest to point out the source of this anomaly and show
also found in this case. that it can be resolved when one uses realistic-imm potentials obtained
from molecular dynamics simulations. The hydration forces between two
ions add further structure to the ion pair potential in the form of damped

. . oscillations (Guedia et al., 1991a, b), which can be approximately repre-
Brownian dynamics sented by

Use of Brownian dynamics in studies of ion channels is relatively new. An Usr(r) - Uo{(Rc/I’)g _ exp{(R _ r)/anoiZw(R _ r)/aN]}.
introduction to the technique for one-dimensional channels is given by (12)

Cooper et al. (1985). BD simulations have been extended to realistic

three-dimensional channel geometries quite recently (Li et al., 1998Here the oscillation length,, = 2.76 A is given by the water diameter and
Chung et al., 1998, 1999; Hoyles et al., 1998a). We refer to these articlethe other parameters are determined by fitting Eq. 12 to the potentials of
for further details, and give only a brief description of the method here. mean force given by Gudia et al. (1991a, b). For anion—cation paRs =
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r, + r,, but for like ions the contact distance is pushed furtheRte= r, the catenary channel to show the robustness of the results
+ 1, + 1.6 A. The origin of the hydration forcR is slightly shifted from for a more realistic channel shape. Each case is discussed in
R.; by +0.2 A for like ions and by-0.2 A otherwise. The exponential drop a separate subsection in the foIIowing We note for future
parameter is determined asg= 1 A for all ion pairs. Finally, the overall )
strength of the potential ig, = 8.5, 2.5 and 1.&T for Na—Cl, Na—Na, reference that the Debye Iengths for 150, 300, and 500 mM
and CHClI pairs, respectively. solutions are, respectively, 7.9, 5.6, and 4.3 A.

To prevent ions from entering the protein or leaving the system, a
hard-wall potential is activated when the ions ard & distance from the
channel or reservoir boundaries, which elastically scatters them. Thi€lectrolyte in a sphere
simple interaction that treats ions as billiard balls with a finite radius is . . . . . .
adequate for the purposes of this study. Note that to be precise, the rang&hile our main concern is cylindrical pores, spherical ge-
of the wall potential should correspond to the radius of the ion in questionometry is useful for purposes of control studies in a bulk-
but for simplicity we have used the same range for all ions. Because onlfijke environment, as well as in illustrating the effect of a
one type of ion (N&) is present in narrow channels in BD simulations, this confining dielectric boundary on shielding of ions in a

approximation is not likely to influence the results. A more pertinent simple situation. In the followina comparisons. a sphere of
question here is the effect of finite ion size in comparisons of BD and PB Imp iuafion. wing pari ! p

results. Because ions are represented with a continuous charge densityi@dius 20 A containing an electrolyte of concentratign-
PB theory, they could occupy the channel right up to the boundary,500 mM is used. In BD simulations, this concentration is
whereas in BD they are prevented from coming closenthaA to the  represented by 10 anions and 10 cations, including the test
boundary (that is assuming they carry a point charge at their center). ThiFOn. (The systems used here and in the following channel
issue of consistency between the two theories will be addressed in the next
section when we compare them in cylindrical channels. merIs are always ch_osep to_be electroneutral.) The _above
The Langevin equation (9) is solved at discrete time steps following thechoice for concentration is dictated by the BD consider-
algorithm devised by van Gunsteren and Berendsen (1982). Throughout,ations of having a sufficient number of ions in the system to
time step ofAt = 100 fs is used. Initially, the ions are assigned random gptain good statistics, but not too many so as to encumber
positions in the reservoirs, except for the test ion, which is held in a fixedthe simulations. Because the main variable is the distance of
position. Velocities are also assigned randomly according to the Boltzmann . . .
distribution. For successive simulations, the final positions and velocitiesthe testion f_rom the boundary, the choice of radius does not
of the ions in the previous simulation are used as initial positions and1@ve much influence on the results. In order to compare the
velocities in the next trial. A single ion is held in place for a period of results with the analytic solutions of the linear PB equation
20,000 time steps, while the system reaches equilibrium. After this, the(Eqs. 6 and 7), both the cation and anion radii are taken as
system is allowed to evolve for a further 200,000 or 1,000,000 time stepsq A in the sphere studies. A dielectric constantet 80 is

At each time step, the force acting on the fixed ion (and other ions) is d h in bulk si lati Wh lati
calculated, and from the time average of these, a value for the force iyse everywhere In bulk simulatons. en emulating a

computed. Each simulation is repeated from between 5 to 16 times t®rotein boundarye = 2 is used outside the sphere.
obtain a value for the average force on an ion at each position along the In solving the PB equation, we use a sharp spherical

central axis of the system. The duration of simulations is varied from 150houndary around the test ion, which emulates a hard wall
to 300 ns according to the statistical accuracy of the results. The potenti%otemim that prevents its overlap with other ions. Such an

profile of an ion is constructed by integrating the force curve along a given. finit tential i t tical to i | tin BD si
path. Average values of the concentration of ions at different points in thén inité potental 1S not practical 1o Implément In sim-

system are also obtained for each individual run. The BD program isulations; therefore, a a7 potential is used instead (Eq. 11),
written in FORTRAN, vectorized and executed on a supercomputer (Fuwhich is both easier to handle and more physical. As seenin

jitsu VPP-300). With 48 ions in the system, the CPU time needed toFig. 1 A, the two potentials differ near the contact region
complete a simulation period of 1/ (10 million time steps) is-16 h. a4 gverlap once the ions are slightly separated. As a result
A list of the parameters used in the BD simulations is given below: . . . .
of the softer potential used in BD, the ions (especially
Dielectric constants: €aer = 80L266protem= 2; e counterions) are expected to be more broadly distributed
Masses (in kg): My, = 3.8 X107, mg = 5.9 X107 near the contact region of the test ion. This is exemplified in

Diffusion coefficients (in M s™): . . S .
D. = 1.33%10°° ¢ D. — 2)03 %109 Fig. 1B, where we compare the radial distribution functions
Na = =+- ’ Ccl = & ’

(Note thatD is related to the friction constant via = kT/my); g(r) in PB and BD for a bulk electrolyte. Here the PB results
lon radii (in A): ry, = 0.95, r = 1.81; are obtained by fixing a test cation at the origin and those of
Temperature: T = 298 K. BD by averaging over the ion—ion distributions. To avoid

the finite size effects in BD simulations, ion pairs are
RESULTS AND DISCUSSION ?nc!uded i_n the_ average only when at Iegst one of them is

inside an imaginary = 10 A sphere. The linear PB results
Comparisons of the PB theory with BD simulations are(not shown) for anion—cation distribution is somewhat
carried out for three different geometries including a spherehigher than the nonlinear one at the maximum but this
cylindrical channels with varying radius, and a catenary-appears to be mostly due to the finite mesh size used in
shaped channel. The cylindrical channels are used in theumerical solutions of PB equation. Otherwise, there is little
majority of comparisons because they provide a prototypelifference between the linear and nonlinear PB results,
channel model that have been used in numerous applicaspecially at larger radii. The broadening of the sharp peak
tions of the continuum theories to ion channels. The spherat contact in BD simulations is expected to influence the
is included for control studies and pedagogical reasons, angsults at short distances3 A. The shifting of counter
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FIGURE 1 @) Comparison of the hard-wals¢lid line) and 1f° (dotted

line) ion—ion potentials for a positivd)(, ) and negatived_ _) test ion Radial position (A)

around a fixed positive ion in a 500 mM bulk electrolytB) ¢the resulting

radial distribution functions in PBsplid lineg and BD (lotted liney for ~ FIGURE 2 Test of the PB theory for a 500 mM electrolyte in a sphere of

anions ¢, _) and cationsd, ,) around the fixed ion. radius 20 A. A) Force acting on a fixed cation is plotted against its radial
position. The solid curve shows the force obtained from the PB theory and
filled circles with error bars show the BD simulation results. The dashed

charge density to smaller radii means that the BD simulaline indicates the fqrce in the case of a single iop £ 0). _The error bar

tions should provide a better shielding at short distanceir.' BD data points is one standard error of means and is not shown when

. ._Itis smaller than the size of the data poif8) Concentration of mobile ions

compared to the PB theory. At larger distances, the radigf, 5 region of constant solid angle (30°) between a fixed cation and the

distribution functions overlap, and as far as the force on thepherical boundary. The average concentration obtained from the PB

test ion is concerned, one should obtain similar resultgheory 6olid lineg and the BD simulationsopen(Cl™) andfilled (Na")

within the two approaches. We note that using a hard_wawircle_sfitted with thedotted line}are plotted against the radial position of

potential in BD would have led to larger forces on the test™® xed cation-

ion at short distances due to less shielding. However, as will

be seen in the comparisons below, this issue is mostly

irrelevant because the force results in BD closely follow thatas a function of the radial distance. A single ion (no elec-

of a single ion. That is, there is little shielding due to trolyte) experiences a repulsive force due to induced surface

counterions, and therefore details of their interaction withcharges at the sphere boundary. This force is shown by the

the test ion at short range cannot have much influence on théashed line for reference purposes. As the ion moves from

results. the center of the sphere toward the dielectric wall, the

The shortcomings of the continuum theories of electro+epulsive force acting on it is seen to increase steeply. The

lytes in confined volumes are most succinctly illustrated inPB calculationsgolid line) exhibit the expected results from

a spherical geometry because it involves a single parameteinnic shielding: the force on the test ion due to the boundary

the distance of a test ion from the boundary. In Fig, 2he  charges is significantly reduced compared to that of a single

force on a test cation held fixed at a given position is plottedon. In contrast, little shielding is observed in BD calcula-
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tions of the force fflled circles with error bar$, which  failure of the PB theory. When the integrity of the ionic
follows quite closely the dashed line for the force on acharges is kept as in the BD simulations, there is an enor-
single ion. The discrepancy between the PB and BD resultsious repulsive force on a counterion (due to induced sur-
become appreciable & A from the boundary, which cor- face charges) as it attempts to enter the narrow region
responds to-2 Debye lengths. As the ion gets closer to thebetween the test ion and the boundary. This force largely
boundary, this discrepancy grows, and at the closest BIprevents the anions from entering the narrow region, and is
simulation point (4 A), it becomes a factor of 3. We note responsible for the drop in anion concentration in BD. In PB
that even wher = 80 is used outside the sphere, there is acalculations at 500 mM, an average cell with a grid size of
net force on the ion because the presence of a boundafyA contains 1/3000 of a unit charge. Distribution of charge
results in an asymmetric distribution of counterions in theinto such small units cuts down the effectiveness of the
radial direction. In both PB and BD, this force is much repulsive force, and hence allows relatively large anion
smaller than the = 2 case. For example, the force acting concentrations to occur in the narrow region. While the total
on an ion locatedta4 A from the boundary whema = 2 is  negative charge in this region is onk30% of a unit
determined to be 2.5 pN from the PB calculations and 6.&harge, the PB results indicate that even this small amount
pN from the BD calculations. The corresponding valuescould still provide a very effective shielding. This happens
whene = 80 are 0.5 and 1.6 pN. Thus the force on the ionbecause the surface charges induced on the boundary are
is mostly due to the reaction field from the dielectric boundary.proportional to 1%, and therefore those charge elements
The source of the discrepancy is to be sought in thenearer the boundary can induce proportionately more neg-
inability of the counterions in the BD simulations to provide ative charges on the surface, which cancel the positive
the level of shielding observed in the PB theory. To see thicharges induced by the test ion more efficiently.
more clearly, in Fig. B we compare the anion and cation
concentrations in the two theories. The average concentrac— lindrical ch I
tions in the region between the fixed ion and the boundary ylindrical channels
are plotted against the radial position of the ion. This regionWe next consider cylindrical channels with rounded cor-
is defined by the conical section between the ion and theers. The rounding is necessitated by the fact that sharp
boundary with the ion radius as its central axis and subtendsorners cause difficulties in numerical solutions of Pois-
a constant solid angle of 30°. Thus as the ion gets closer tson’s equation, and in any case seems to be closer to reality.
the boundary, its volume gets smaller. Concentrations in PEhe dimensions of the channel are outlined in Fig. 3, with
are obtained from the space average of charges in théne channel obtained by rotating the curve shown in the
defined region, whereas in BD they are obtained from thdigure around the symmetry axis. The radius of the channel
time-average of ions in this region. The PB results ards varied fran 3 A to 13 A in thecomparisons. The height
shown with the solid lines, and the BD results are indicated
by the open (anions) and filled circles (cations) that are
fitted with the dotted lines. As the test ion approaches the T T T T T
boundary, the PB theory predicts a rapid rise in the anion or ( ) §
concentration, which is necessitated by the decreasing avail-
able volume between the ion and the boundary. The oppo=~
site behavior is observed in the BD simulations; that is, the<
anion concentration actually decreases as the ion gets closey
to the boundary. The discrepancy between the predictions ofs
the two theories again becomes appreciable when the ion i
~2 Debye lengths from the boundary. Thus this exampleg _,5
explicitly demonstrates when the concentrations in the PBS8

30 =

15 - -1

theory start to disagree with the average ion densities ob- 3| h |

tained from the BD simulations, signaling the break down of

the mean-field approximation. 45 |- \ / i
The above results give a clear indication of the operating 4'0 _2'0 (') 2‘0 4'0

range of PB theory for an electrolyte confined within a Axial distance (A)

dielectric boundary. While the Boltzmann factor (Eq. 1)

puts a limit to the increase in anion concentration (otherwiS&IGURE 3 Cylindrical channel models used in comparisons of PB the-

there would be a perfect shielding with very large concen-ory with BD simulations. A three-dimensional channel model is generated

trations to provide it), it cIearIy does not capture the Wh0|eby rqtatl_ng the gross-sectlon about the central axis by 180°. The cylindrical
hvsical pict Reflecti th Its. it is cl th fectlon is 25 A in length, and the rounded corners have a radius of 5 A. The

physica . picture. Re _e(_: Ing on _es_e resuits, I_ IS_C ear tha adius of the cylinder is varied from 3 to 11 A. The reservoir heighis

the continuum description that distributes the ionic chargeggjusted so as to keep the total (reservoir and channel) volume constant

over the whole volume is ultimately responsible for thewhen the radius is changed.
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h of the reservoir is adjusted to keep the volume fixed when . -
the radius is varied. Far = 3 A, a height ofh = 25 A is - A /
used. The dielectric constants are 2 for protein and 80 for o ¢
water unless otherwise specified. An average concentration 24 3
of 300 mM is used in all the PB calculations, which is :
determined from the total cation (or anion) charge in the - , A 1
system as in the case of the sphere. The BD simulations are " A
carried out with a total of 24 Naand 24 CI ions, corre- 16 - J
sponding to an average concentration of 300 mM. The {
reason for using this higher value instead of the more typical /%
150 mM is entirely statistical: twice as many ions leads to / 3
better accuracy in the BD simulations. The results are hardly
sensitive to concentration in BD, and exhibit only a loga- __
rithmic dependence in PB calculations. Thus, essentiallyZ
similar results would be obtained using a concentration of,
150 mM. x
From the view of the dynamics of an ion in a channel :

r=3A 1

environment, the quantity that is of most interest is the force2 161-g A ' ' ' u
acting on it at various positions in the channel. In Fig. 4 we & }/ N\ r=4A
compare the PB and BD calculations of theomponent of & - o/ ,;ub\

the force on a test ion as it is moved along the channel axis? / ,-" "»@

(only the positive side is shown since the curves are sym- %/
metric aroundz = 0). In BD, a test ion is held at a fixed
position on the channel axis, and tkeomponent of the
force acting on it is tabulated at every 10 time steps, which
are averaged at the end of the simulation. The ion is then
moved to another position along the channel axis, and the ' ' ' ' ' '

measurement is repeated. The shielding effect in PB is seen c T ==L s , ]
to lead to a drastic reduction in force compared to the BD 3| ///§ TP r=7A 7
result in ther = 3 A channel (Fig. 4). As the channel size B e 8 e

is increased, the discrepancy decreases but it remains sev- . [ . ! . |.
eralfold (Fig. 4,B andC). Finally, in ther = 11 A channel, . , . | : |

when the force itself becomes quite small, the complete o r=11A |
shielding observed in PB theory is reproduced in BD D=8 o o & e e
(Fig. 4 D). : : : : : :

An interesting observation in Fig. & andB is that the 0 10 2 30
BD results follow rather closely the force on a single ion Axial position (A)

when the test ion is near the mouth region, indicating that
there is absolutely no shielding there, but deviate from itF_IGURE 4 Test of the PB theory for the cylindri_cal char_mel show_n in

. . L L. Fig. 3. Thezcomponent of the force acting on a fixed cation at various
when the ion is further inside the_ Channelj Intu'tlvelly’ onepositions along the channel axis is calculated using the PB thsotig (
would have expected the opposite behavior, that is, MOrgne) and the BD simulationsiled circles fitted with the dotted line The
shielding of the force as the ion moves out of the channelopen circles (where shown) indicate the BD results obtained using the
To explain the origin of this shielding in BD simulations, we realistic ion—ion potentials given in Eq. 12. The radius of the channg))is (
have studied the ion distributions in the= 3 A channel 3A|; ® 4trf\ ©7A, ta”? D)f_ll '3- Tthgogeigr':/tl‘_’“h‘ﬁ reser"ofhis ?dj“Sted

. . . to kee € concentration Tixea a mivl In all cases. e force on a

When the testion is @ = 7.5 A. The channel is found to be single [i)on € = 0, dashed lingis also shown, for reference purposes.
devoid of charges except atz ~11 A, where there is a net
negative unit charge corresponding to an anion trapped in
that location. This anion is firmly attached to the test cation,and the force on the test ion follows closely that of a single
forming a dipole, and thus neutralizing the charge on the tesbn, as indicated by open circles in Fig.AandB. Thus, if
ion to some degree. As pointed out in the Methods sectionye discount this anomaly, a fair conclusion of the above
the short-range ion—ion potential used in the BD simulationstudy is that shielding does not play any role in the narrow
has a minimum at contact (see Eq. 11 and Fi&)),.land thus  channels witlr = 3—-4 A.
is responsible for this anomalous behavior. When realistic Another issue that needs to be addressed in comparisons
ion-pair potentials obtained from molecular dynamics sim-is the effect of the ion-wall potential (or finite ion size),
ulations are used instead (Eq. 12), this anomaly disappeawshich is implemented in BD simulations but ignored in PB
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calculations. This issue of consistency between the two A quantity that can be more directly related to ion per-
theories and its influence on the results presented can bmeation is the potential energy profile of an ion which is
addressed in two ways. One method is to implement thebtained by integrating the force curves in Fig. 4. We
finite size of ions in PB equation by multiplying the right- compare the PB and BD profiles in Fig. 6 foe= 3, 4, and
hand side of Eq. 3 by a space-dependent function that wil? A channels (the = 11 A results are not shown because
exclude the ions from the volume withil A of thebound-  both profiles are too small on the scale of the graphs). In the
ary (Roux, 1997). The second method is to do the oppositePB case, shielding reduces the energy barrier seen by a
that is, shrink the activation distance of the hard-wall po-single ion by roughly an order of magnitude, virtually
tential in BD from 1 A to zero, thus allowing ion centers to obliterating it. lonic atmosphere is seen to provide some
come near the boundary. Because in almost all applicationshielding in BD by lowering the energy barrier, though in
of the PB theory to ion channels such finite size effects aréhe case of the narrow channets< 3—4 A), this is caused
not considered and our main purpose is to provide tests fdny the short-range potential used as explained above. If one
these applications, we prefer to use the second method hengses a realistic ion—ion potential, the energy barrier goes
In Fig. 5 we plot the BD results for the force on a cation in back to that of a single ioropen circlesn Fig. 6, A andB).

anr = 3 A channel as in Fig. 4, but with the activation In ther = 7 A channel, shielding is seen to reduce the
distance of the hard-wall potential reducednfrd. A (cir- barrier of a single ion by more than half. Since a similar
cleg to 0.5 A (squarey and 0.1 A {riangles. It is seen that

there are no discernible differences among the various re-

sults, with all falling on the force curve obtained from the

solution of Poisson’s equation for a single iataghed ling LA ' ' ' ' _

Thus, even if we ignore the finite size of ions and allow o r=3h
them to access the whole channel volume as in PB theory, 55" ~~q

they decline to take advantage of the extra space offered. \\ Single ion -6
Obviously, the steep increase in image forces as an ion N

approaches the dielectric boundary makes these regions
rather inhospitable places, a fact that is missed by the PB
theory because smearing of charges dilutes the effects of the
boundary forces. Since the range parameter of the hard-wall
potential does not have any influence on the results, we will

)

keep using the more realistil A range in the rest of the =
comparisons. )
>
>
<)
[]
c
a T I T I T 1 i (V]
@\ r=3A % B l I |
—~ r Ve b Q2 L r=4A
= o © & 0~ -4
8 24 \ -
o Jk
x| / \ |
i s _
5 16 %/ \
| \ ]
8 sF A 8 .
o
L L/ N i
/ B
o T
i 1 I { 1 |
0 10 20 30
Axial Position (A)
FIGURE 5 Effect of changing the activation distance of the hard wall Axial position (A)

potential in BD simulations. The force on a cation in & 3 A channel is

plotted as in Fig. 4A but for three distance parametetsA (circles) to 0.5 FIGURE 6 The potential energy profiles in PBo{id line) and BD

A (square$ and 0.1 A friangles. The ion—ion interaction from Eq. 12 is  (dotted ling obtained by integrating the force curves in Fig. 4. The dashed
used in the simulations. All the BD results follow the single ion results line shows the profile of a single ion. The open circles (where shown)
shown by the dashed line. The error bars are not shown to avoid clutteringndicate the BD results with the realistic ion—ion potentials (Eq. 12).
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result is obtained with the realistic ion—ion potential, this isconcentration, except near the test ion when the former
likely to be a genuine result. Nevertheless, the barrier in BDshoots to very large values and the latter dips to zero as
remains larger than the PB result, pointing to a sizableexpected. This difference in the anion and cation concen-
discrepancy despite the reduction in the potential energyrations leads to a net screening charge—@.61e in the

values. channel. In stark contrast, both anions and cations are com-

Compared to the sphere results, the discrepancy betwegetely excluded from the channel interior in BD. While
the two theories is more accentuated in the cylindricalthere is some excess of counterions near the channel en-
channels because the access of counterions to a narrdvance, these only amount t00.0le, which is too small to
cylinder is further hindered in BD, while no such hindrance provide any shielding as seen from the force at 12.5 A
occurs in PB theory. To quantify this statement, we comparén Fig. 4 A. We note that a constant anion concentration of
the anion (Fig. 7A) and cation (Fig. 7B) concentrations 300 mM throughout the channel would correspond to a total
predicted by PBdolid line) and BD fars) theories for an charge of —0.21e. Thus the amount of anion charge is
r = 3 A channel when the test ion is located near the poréncreased severalfold compared to the background in PB,
mouth ¢ = 12.5 A). In PB calculations, both anions and while it remains negligibly small in BD.
cations uniformly occupy the channel at about the average Rather than repeating the above study for each channel

size, which is not very informative, we demonstrate the
changes in concentration by plotting the total screening
A charge in the channel as a function of its radius (Fig\)8
T T This study is carried out for a cation fixed at= 12.5 A,
where the force on an ion is at a maximum. The total
screening charge in PB remains nearly constant with the
increasing radius, the slight increase being due to approach-
ing bulk conditions (note that the screening charge in the
channel remains less thare because the channel volume is
limited to z = =15 A). In BD, this charge is negligible at
r = 3 A but it steadily rises wittr, converging to the PB
value at~r = 11 A or 2 Debye lengths. As shown in Fig.
8 B, the force on the test ion at= 12.5 A correlates very
well with the screening charge results i) ( The force in
BD initially coincides with that of a single ion at= 3 A
(no shielding), and with increasing radius, it gradually con-
verges to the PB values at around 2 Debye lengths. This
study establishes the domain of validity of PB theory for
channels as 2 Debye lengths, below which the underlying
mean-field approximation breaks down to an increasingly
larger degree with decreasing radius.

So far we have considered only the central axis in com-
parisons, which may give the impression that an agreement
between the PB and BD results can be obtained in the
larger-size channels (Fig.[@). However, the central axis is
a rather special place where the forces from the boundary
charges are at a minimum, and the shielding effects in BD
are maximized due to the azimuthal symmetry. From the
sphere results it is expected that as the ion is moved toward
the boundary, discrepancies between the two theories will
resurface. This is quite obvious for the radial component of
| 1 ! 1 J the force but not so for the-component. In Fig. 9 we

20 -10 0 10 20 present comparisons of thiecomponent of the force on a
Axial position (A) test ion similar to Fig. D (reproduced at the top) but along
an axis that is offset from theaxis by 4 A (Fig. 9B) and
FIGURE 7 Variation of the average concentration alongran 3 A 8 A (Fig. 9 C). Shielding effects are again overestimated in

channel for cations), and anionsg) when a cation is fixed on theaxis PB theory compared to BD as the ion approaches the
atz = 12.5 A (where the channel starts curving). In BD, the channel is

divided into 32 layers and the average value of the concentration i?oundary' To see this more Clearly' we show m_ Flg_' 10 how
calculated at each layer. The PB concentrations are indicated by the solil€ Z-component of the force changes as the ion is moved
curve and the BD ones by the bar graph. radially from the center to the boundary. Up3 A from the
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FIGURE 9 Comparison of thecomponent of the force on a test ion in
FIGURE 8 Pore size dependence of the screening charge and force onaar = 11 A channel when it is offset from the central axis by= 4 A
cation held atz = 12.5 A. (&) The net screening charge in the channel (middig andr = 8 A (botton). The top figure is the same as Fig. 4 D.
(fromz= —15t0 15 A) is plotted as a function of the channel radius. The
PB results are shown by the solid line and the BD values by the filled
circles fitted with the dotted lineB) Force on the cation as the channel
radius is increased. The PBdid line), BD (filled circles fitted with a  i0N permeation to take place it is essential to reduce the

dotted ling and single ion resultsiashed lingare indicated in the figure.  energy barrier of a bare channel by placing fixed charges of
opposite sign on the protein wall. To test the PB theory in
this more realistic case, we place a set of negative charges
center the two theories agree, that is, shielding of the forcén the walls near the each end of es 3 A channel. Eight
in PB theory is reproduced in BD. But after that, shieldingmonopoles with charges0.0% are spread evenly around
progressively weakens in BD in contrast to PB theory,the channel circumferenceat= 12.5 A andz= —12.5 A,
which provides a very good shielding right up to the bound-where the channel starts curving. The PB, BD, and single
ary. Thus, even in large channels the predictions of the PBon results for the-component of the force on a test cation
theory are bound to fail as one approaches the channéhs in Fig. 4A) are compared in Fig. 1A. The fixed
walls. Such discrepancies in large channels are relevant, faregative charges on the channel wall reduce the presence of
example, in calculation of concentrations near a bindingcounterions in the channel and the associated shielding, and
site, but not in ion transport, as ions tend to stay near théence lead to much larger forces in PB theory compared to
channel axis where the radial force is minimum (Li et al.,Fig. 4 A, in better agreement with the BD results. The
1998; Corry et al., 2000). fourfold discrepancy observed in the bare channel (F&). 4
The BD results so far clearly indicate that narrow chan-is now reduced to about a factor of 2. The fixed charges also
nels with radii 3—4 A are pretty inhospitable places for ionsprevent the occurrence of anomalous shielding in the chan-
regardless of their background concentration. Therefore, fonel interior; the BD results now closely track those of the
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FIGURE 10 Comparison of thecomponent of the force on a testion in E
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anr = 11 A channel as it is moved radially from the center to the channel ™
boundary atz = 8.75 A.

single ion, reinforcing the earlier conclusion that no shield-
ing is possible inside a narrow channel. As the test ion is &
moved away from the channel, shielding becomes more ands
more effective and the force in BD goes gradually from the &
single ion curve toward the PB result. In Fig. Blve show
the potential energy profiles obtained from the force curves ~°[
in Fig. 11A. Besides the usual discrepancy between PB and o ' ' ' ' '
BD theories, perhaps a paradoxical result is that shielding
actually increases the energy barrier in BD compared to that
ofa Slngle lon. Th_e re?ason for this ironic resu_lt C?‘n be S_ee@IGURE 11 Effect of placing fixed charges in the channel wall im an
from Fig. 11A; shielding operates when the ion is outside 3 A channel. &) Force on a cation as in Fig. 4 but with fixed charges.
the channel where the force is attractive, but not inside wheiB) Potential energy profiles as in Fig./Abut with fixed charges.
it is repulsive.

As a final study in cylindrical channels, we consider the
possibility that the dielectric constant inside the channecompared in Fig. 12. The barrier height for a single ion
may be smaller than 80, especially in narrow channels. Thi§icreases roughly asé€y and a similar trend is seen in BD.
can be implemented in a straightforward manner in the PBAt lower €., BD results deviate more from those of single
algorithm where a three-dimensional grid is used, but it ison because of the appearance of shielding at the mouth
not so easy in the BD simulations where a boundary elemeriegion. We attribute this to the stronger Coulomb attraction
method is used in solving Poisson’s equation. This problenibetween the test ion and counterions, which increases as
has been tackled in previous BD simulations (Chung et al.l/e.. The corresponding increase in barrier height is much
1998, 1999) by using the reduced value of the dielectridaster in PB theory, so that the discrepancy with BD gets
constante,, in both the channel and reservoir, and includingsmaller with decreasing. (but stays severalfold in any
the neglected Born energy difference between the channe¢ase). This faster increase of barrier height in PB is related
reservoir configurations withe.-80 ande.-€. as a short- to the loss of shielding inside the channel with reduction in
range energy barrier at the channel entrances. We refer ® which affects the PB results but not BD. Nevertheless, the
the above references for details of this implementation iroverall conclusion remains the same as before; greater
the BD program. The Born energy difference f@ 3 A shielding in PB results in much lower energy barriers com-
channel is calculated using the PB program at zero concerpared to BD.
tration, which gives a barrier height of 35 for ¢, = 40
and 11.8T for €, = 20. In PB calculations the changeédn
N - Catenary channel
is implemented in five equal steps from the channel en-
trance az = 17.5 Atoz = 12.5 A, and similarly at the other The above study in cylindrical channels gives a good idea
end. The potential energy profiles fef = 20 and 40 are about the expected working range of the PB theory. To

ergy (x 102

Pote

Axial position (A)
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-15 FIGURE 13 Diagram showing the cross-section of the catenary geome-
try that approximates the shape of the acetylcholine receptor channel. A
—410 k& three-dimensional channel is generated by rotating the curves about the
central axis by 180°. Vestibules at each side of the membrane are con-
-5 structed using a hyperbolic cosine functign= a cosh&/a) wherea =
4.87 A. The radius at the entrance of the vestibule is 13 A and at the
0 cylindrical transmembrane segment 4 A. Cylindrical reservoirs (not

25 shown), 30 A in radius and 22 A in height, are attached to the vestibules.

Axial distance (A)

FIGURE 12 .Eﬁect_of changing.the.dielectric constant in t.he cha_rq;,el, and reinforce the earlier conclusion on |mposs|b|||ty of
22;:“25‘2?”“‘31 pzrg_f"(eB)Of afejé ion in an= 3 A channel without fixed  ghia|ding in narrow parts of the channel. There is a large
ges. & = S5 B & = 4 discrepancy between the PB and BD results in this region as
in Fig. 4, A andB. As the ion is moved further along tlze
demonstrate the robustness of those conclusions, we repeatis, the channel expands and shielding becomes more and
the force and potential energy calculations in a more realmore effective in BD. This is reflected in the force values in
istic channel geometry with vestibules. This catenary-BD gradually moving from the single ion curve to the PB
shaped channel is generated by rotating the closed curvesults in thez = 10-30 A range. The potential energy
shown in Fig. 13 about the axis of symmetry. The vestibuleprofiles obtained from the force curves in Fig. Mare
of this channel is similar in shape to that visible in the shown in Fig. 14B. Shielding is seen to have reduced the
electron microscope pictures of the acetylcholine receptoenergy barrier of a single ion by 40% in BD; however, the
channel (Toyoshima and Unwin, 1988), making this a bettebarrier in BD is still three times larger than the PB result.
approximation of a real biological ion channel. The vesti- Thus, in a channel with vestibules, shielding definitely plays
bules are generated by a hyperbolic cosine function,a  some role but its effect is nowhere near the PB predictions,
coshi/a), wherea = 4.87 A. The entrance to the vestibule where shielding demolishes the barrier presented to a single
has a fixed radius of 13 A. Two such identical vestibules ardon for all practical purposes.
connected to a cylindrical transmembrane segment of radius
4 A and length 10 A. Itis assumed for convenience that thes y\ o1 slONS
vestibules have the same shape and size, although the elec-
tron microscope images show the extracellular vestibule tdhe comparisons of PB theory with BD simulations in
be larger than the intracellular vestibule. various configurations provide clear answers on the range of
In Fig. 14A we show the-component of the force as the validity of the former. When the distance of an ion from the
test ion is moved along the central axis of the channel. Thehannel wall is less than 1 Debye length, the PB calculations
concentration is maintained at 300 mM in both the PBlargely overestimate the shielding effects and cannot be
calculations and the BD simulations. As before, PB calcu-expected to give reliable values of the force on and potential
lations are shown by the solid line, the BD results areenergy of an ion. The convergence of the PB and BD results
indicated by the filled circles which are fitted by the dotted occurs when the ion’s distance from the channel wat &
line, and the dashed line shows the force on a single iorDebye lengths, depending on the quantity and the geometry
The BD calculations of force closely track the single ion considered. Because the radii of membrane channels are
results in the narrow parts of the channel (ugte 10 A),  typically smaller than the Debye length, the PB theory cannot
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A tions certainly offer a more reliable method for calculations
, of forces and potentials. Nevertheless, if one insists on using

T T T
& / . a continuum description, one could presumably extrapolate
L/ "'\, AAAAAAAAAAAAAAAAAAAAAAAAAAA ] from Poisson’s to the PB equation as the channel widens by

6L ? \\ \\ | using the BD results as a guide.
I,
£ 4
3 L}

~o APPENDIX

. \\\Single ion 4
f"-i BD T~ Algorithm for solving the PB equation

Force on ion (x 10-2N)
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.""gng_i . S N We use a finite difference method to solve the PB equation. The problem
S ee ; ~— is discretized by placing a rectangular grid of points with cell dimensions
e h, X hy, X h, over the region of interest. The value of the potential at each
. L L L : L L . ‘ grid point represents the average valuebah the rectangular box centered
at the grid point. Each surface element between neighboring grid points is
B assigned a dielectric constant according to the position of the midpoint, that
is, e = 80 if it is in the electrolyte an@ = 2 if it is outside. Similarly, a
15 value ofpy = 2enye, (see Eq. 3) is assigned to grid points that are in the
\ electrolyte, ang, = 0 to points that are outside. To correspond with the
AN BD simulations, ions around the test ion are excluded from a spherical zone
\ with radiusr, + r;, wherer, is the radius of the test ion andis that of
I \ anions or cations. Thus, unlike the primitive model, a different exclusion
9 \ zone can be used for anion and cation concentrations if they have different
N\ 42 radii.
3 N\ To obtain the finite difference form of the PB equation, we integrate Eq.
s N Single ion - 3 over a rectangular box of volumé= h.h h, around each grid poiritat

L S positionr; (Klapper et al., 1986)
“. BD ~

Potential energy (x102'J)
7/
kT

S~ V- [e(r)Vp(r)]dV = | po(r)sinHed(r)/kT]dV

Y v v

30 40 50
Axial position (A)
— | (ped€)aV. (13)

FIGURE 14 @) Thezcomponent of the force on a cation for a 300 mM v

electrolyte in a catenary channel is plotted against its axial position. The
force obtained from the PB theory is shown by the solid curve and the BD ) )
results are indicated by filled circles with error bars fitted with the dotted USing Gauss’ theorem, the left-hand side of Eq. 13 is converted to a surface
line. The dashed line indicates the force in the case of a singlecip ( integral, and then the derivatives ¢fare written as finite differences

0). (B) The potential energy profiles obtained from the force curve#\jn (

V- [er)Vo(r)]dV = [ er)Ve(r)-dS

be used to obtain reliable estimates of electrostatic force al s
potential energy of an ion in the channel environment.

Our BD results demonstrate that if the radial profile of a S d(ri+hj) — ¢(r) V
channel is less than the Debye length throughout, it is =2 § h h- (14)
unlikely to contain any counterions. This conclusion is =1 : :
especially reinforced in realistic channel configurations _ _ _

. . . . Here the sum is over the six surfaces of the rectangular boxtwithh, =

whe_re fixed cha_rges of opposite S|gn,_wh|ch are necessany \, _, _ hy, hy = hg = h,, and] = %, 9, 2 for j = 1, 2, 3, and—%,
for ion permeation, make it virtually impossible for any —g s forj = 4, 5, 6. The terms on the right-hand side of Eq. 13 are
counterion to enter the channel (cf. Fig. 11). For suchevaluated similarly by replacing the integrands with their average values at
channels, it is clearly better to use Poisson’s equation rathée grid point
than PB, as no shielding due to ionic atmosphere is possible.
This conclusion appears ironical in the historical context of ]
the field because PB theory was advanced as an improve- Po(r)SINHed(r)/KTIdV = Vpq(rj)sint e¢(r;)/KT],
ment of Poisson’s equation in ion channels. Channels who
radial profiles exhibit large variations are more difficult to
reconcile with the existing continuum theories because each (Ped€)dV = Vpe(ri)le; = q(r;)/ €.
is valid in a limited range. For such channels, BD simula- v

(15)
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Substituting Egs. 14 and 15 back into Eq. 13, we obtain an expression fo€ai, M., and P. C. Jordan. 1990. How does vestibule surface charge affect
the potential at théth grid point in terms of the values of the potential, ~ ion conduction and toxin binding in a sodium chann&®@phys. J.
charge, and dielectric constant at this grid point and its immediate neighbors 57:883—-891.
Cheng, W., C. X. Wang, W. Z. Chen, Y. W. Xu, and Y. Y. Shi. 1998.
o1 2 ) Investigating the dielectric effects of channel pore water on the electro-
& = E‘ eld)J/hl + al(&V) (16) static barriers of the permeation ion by the finite difference
= 5 - , : : 05—
: Ej Gj/hj + poisinh(edi/KT)/ Poissor-Boltzmann methodEur. Biophys. J27:105-112. .
Chung, S. H., T. W. Allen, M. Hoyles, and S. Kuyucak. 1999. Permeation
. . . » of ions across the potassium channel: Brownian dynamics stiBies.
where the subscripisandj on ¢, g, andp, refer to the grid positions, and phys. J.77:2517-2533.

ri + hj, respectively. Note that a similar expression for the linear PB Chung, S. H., M. Hoyles, T. W. Allen, and S. Kuyucak. 1998. Study of
equation can be obtained from Eq. 16 by substituting sifif(T)/ ¢, —e/kT ionic currents across a model membrane channel using Brownian dy-

leading to namics.Biophys. J.75:793—809.
) Cooper, K. E., E. Jakobsson, and P. Wolynes. 1985. The theory of ion
2,— g/ + g/(eV) transport through membrane channd?sog. Biophys. Mol. Biol46:
¢ = : 17) 51-96.

2
EJ' eJ'/hj + POie/kT Corry, B., S. Kuyucak, and S. H. Chung. 2000. Tests of continuum theories

as models of ion channels. Il. Poisson—Nernst—Planck theory versus
Equation 16 is solved using an iterative relaxation scheme. The potential Brownian dynamicsBiophys. J78:2364-2381.
values at the edge of the grid are set using appropriate boundary conditionavis, M. E., and J. A. McCammon. 1990. Electrostatics in biomolecular
Both Jacobian and Gauss—Seidal relaxation techniques are consideredstructure and dynamic€hem. Rev90:509-521.
(Press et al., 1989). In Jacobian relaxation, an initial guess is made for theebye, P., and E. Hikel. 1923. Zur theorie der elektrolytéhysik.
potential at all grid points, which are then used in Eq. 16 to recalculate the Zeitschr.24:185-206.
potential at each grid point. This process is iterated until the potentiaDieckmann, G. R., J. D. Lear, Q. Zhong, M. L. Klein, W. F. DeGrado, and
values at all grid points converge to a stable solution. In Gauss-Seidal K. A. Sharp. 1999. Exploration of the structural features defining the
relaxation, when available, updated values of the potential in neighboring conduction properties of a synthetic ion channBlophys. J.76:
points are used in evaluating Eq. 16. This speeds up the convergence, hence18-630.
it is the preferred method in scalar machines. In Jacobian relaxation, thEisenberg, R. S. 1996. Computing the field in proteins and channels.
number of iterations required for convergence is larger. However, because J- Mémbr. Biol.150:1-25.
the program can be vectorized readily with this method, it may be moreEisenberg, R. S. 1999. From structure to function in open ionic channels.
suitable for use in a vector machine. In the present PB calculations, J9- Membr. Biol.171:1-24.
Gauss—Seidal relaxation has been used throughout. Evans, D. F., and H. Wenner$ino 1999. The Colloidal Domain, 2nd Ed.
For faster convergence, we also use an over- or under-relaxation method Wiley-VCH, New York.
(Press et al., 1989). After each iteration, the value of the potential at a gridGuadia, E., R. Rey, and J. A. Padrd991a. Potential of mean force by
point is updated according i = (1 — ®)¢doy + OPpen Wherew is the constrained molecular dynamics: a sodium chloride ion-pair in water.
relaxation parameter that varies in the range [0, 2]. The case of 1 Chem. Phys155:187-195.
obviously corresponds to no relaxatian,< 1 is called under-relaxation Guadia, E., R. Rey, and J. A. Padra991b. Na-Na" and CI'-Cl" ion
andw > 1 over-relaxation. Under-relaxation is useful in situations where ~Pairs in water: mean force potentials by constrained molecular dynamics.
the potential diverges or oscillates around the actual value after each J. Chem. Phys95:2823-2831.
iteration. Barring these occurrences, over-relaxation is preferred as it leaddille, B. 1992. lonic Channels of Excitable Membranes, 2nd Ed. Sinauer
to a quicker convergence. Associates Inc., Sunderland, MA.
It is well known that the algorithm for the linear PB Eq. (17) converges Honig, B., and A. Nicholls. 1995. Classical electrostatics in biology and
to a stable solution (Nicholls and Honig, 1991). In the nonlinear case, this Chemistry.Science268:1144-1149.
algorithm was shown to converge in most cases if under-relaxation is usetioyles, M., S. Kuyucak, and S. H. Chung. 1996. Energy barrier presented
(Jayaram et al., 1989). In practice, we have found that the algorithm to ions by the vestibule of the biological membrane charBielphys. J.
converges to stable solutions for all the situations we consider with both 70:1628-1642.
over-relaxation (typicallyw = 1.6) and under-relaxations(= 0.6). The ~ Hoyles, M., S. Kuyucak, and S. H. Chung. 1998a. Computer simulation of
convergence criterion used is that the maximum change in potential be- 1ON conductance in membrane channélbys. Rev. E58:3654-3661.
tween successive iterations at any grid point is smaller than the toleranddoyles, M., S. Kuyucak, and S. H. Chung. 1998b. Solutions of Poisson’s
value, which is typically set to 16 V. igu%%on in channel-like geometrie€omputer Phys. Commuril5:
Jayaram, B., K. Sharp, and B. Honig. 1989. The electrostatic potential of
B-DNA. Biopolymers28:975-993.
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